We have developed an algorithm for genetic analysis of complex traits using genomewide SNPs in a linear mixed model framework. Compared to current standard REML software based on the mixed model equation, our method could be more than 1000 times faster. The advantage is largest when there is only a single genetic covariance structure. The method is particularly useful for multivariate analysis, including multitrait models and random regression models for studying reaction norms. We applied our proposed method to publicly available mice and human data and discuss advantages and limitations.
Introduction
Previously, methods have been developed to estimate genetic variance and genetic correlations between complex traits explained by genome-wide SNPs using linear mixed models (Lee, et al., 2012; Yang, et al., 2011) . Because genetic relatedness among (conventionally) unrelated subjects could be estimated based on genomic information rather than familial relatedness, the model allows estimating genetic effects to be much less confounded with family environmental effects. For the same reason, this approach has also been proposed as a more powerful tool to detect genotype-environment interaction (G × E) (Lee, et al., 2015) . That is, in presence of G × E, the genetic correlation between genetic effects in different environments is significantly lower than one (Falconer and Mackay, 1996) . In order to capture G × E across a trajectory of multiple environments, random regression models have been proposed for evolutionary and livestock genetics . The random regression model is also known as reaction norm model (Kirkpatrick and Heckman, 1989) .
In estimating genetic variance explained by genetic markers, introduced an efficient average information (AI) algorithm to obtain residual maximum likelihood (REML) estimates. As opposed to using Henderson's mixed model equation (MME) the algorithm was based on using the variance covariance matrix of phenotypic observations directly, hence the term 'direct AI algorithm'. The algorithm is particularly advantageous when using a dense covariance matrix, such as the genomic relationship matrix (GRM), and with a large number of multiple random effects. The direct AI algorithm is implemented in GCTA-GREML (Lee, et al., 2012; Yang, et al., 2013; Yang, et al., 2011) and MultiBLUP (Speed and Balding, 2014 ) that has been widely used in human, evolutionary and livestock genetics.
Here, we combine the direct AI algorithm with an eigen-decomposi-tion of GRM, as first proposed by . We apply the procedure to analysis of real data with univariate, multivariate and random regression linear mixed models with a single genetic covariance structure, and demonstrate that the computation efficiency can increase by > 1,000 fold compared with standard REML software based on MME.
Methods

Model
We used multivariate linear mixed models and random regression models to estimate genetic variances and covariances across multiple traits and among traits expressed in different environments. A linear mixed model can be written as
where y i is a vector of trait phenotypes, b i is a vector of fixed effects, g i is a vector of additive genetic value for individuals and e i are residuals for trait or environment i. X and Z are incidence matrices. More details can be found in the Supplementary Note.
To model genotype-environment interactions, a random regression model attempts to fit effects as a function of continuous variable as
where a is a n (# records) by k matrix of genetic random regression coefficients, Φ i is the ith row in a p by k matrix of Legendre polynomials evaluated for p points on the trajectory, and k is the order of Legendre polynomials. This model is explicitly described in the Supplementary Note. The genetic covariance structure was constructed based on genome-wide SNPs.
Algorithm
REML is often solved using Newton-Raphson or Fisher's scoring method where variance components are updated based on observed (Hessian matrix) or expected second derivatives of the log likelihood (Fisher information matrix). In order to increase the computational efficiency in obtaining REML estimates, used the average of the Hessian and Fisher information matrix that was estimated based on Henderson's mixed model equation (MME). The MME-based average information (AI) algorithm is efficient particularly when the genetic covariance structure fitted in the model is sparse. When using dense covariance structures such as GRM, the computational efficiency of a direct AI algorithm is substantially more efficient that the MME-based AI algorithm . Here, we extend the direct AI algorithm by implementing an eigendecomposition of the genetic covariance structure as proposed by .
In recent studies the eigen-decomposition technique has been implemented in a Newton-Raphson algorithm in univariate and multivariate linear mixed models . We show that an implementation in the direct AI algorithm is mathematically straightforward and is computational more efficient especially in multivariate linear mixed models (Supplementary Note). Moreover, we show how our proposed algorithm can be efficiently applied to a random regression model (Supplementary Note).
Data
We used heterogeneous stock mice data (http://mus.well.ox.ac.uk/mo-use/HS/) to estimate genetic variances and covariances of complex traits explained by genomewide SNPs. After a stringent QC of genotypic data, we used 9,258 autosomal SNP from 1,908 individuals. We used phenotypes of four glucose values (taken at 0, 15, 30 and 75 minutes after intraperitoneal glucose injection in a model of type 2 diabetes mellitus) as well as body mass index (BMI). We analysed this data in a five-trait linear mixed model. We also applied a random regression model for the repeated glucose measures.
Secondly, we used human data from the Atheroscierosis Risk in Communities (ARIC) cohort (psh000280.v3.p1) (Sharrett, 1992) . A similar stringent QC as above was applied to the available genotypes. In addition, we randomly removed one of each highly related pair of relatedness > 0.05 to avoid bias due to population structure or family effects. After QC, 7,263 individuals and 583,058 SNPs remained. We used BMI, triceps skinfold (TS), waist girth (WG), hip girth (HG), waist to hip ratio (WHR), systolic blood pressure (SP), diastolic blood pressure (DP) and hypertension (HP) that were fitted in an eight-trait linear mixed model.
Missing phenotypic values were less than 10% and 1% for each trait for the mice and the human data, respectively. They were imputed with their expected values from univariate linear mixed model fitting each trait separately.
Software
We implemented the direct AI algorithm and the eigen-decomposition technique into software named as MTG2. We compared MTG2 with GEMMA , ASReml and WOMBAT . GEMMA uses the eigen-decomposition technique in the Newton-Raphson algorithm. ASReml and WOMBAT are well known REML software that use an MME-based AI algorithm.
Results
When using WTCCC heterogeneous mice data (N=1,908) for multivariate linear mixed model with up to five traits, MTG2 only took a few seconds, which was a few thousands times faster than ASReml and WOMBAT and few times faster than GEMMA (Table 1) . Estimated SNP-heritability and genetic correlations between traits are shown in Table S1 . REML parameters after convergence were essentially the same between different software, as shown in Table S8 and S9. For MTG2 and GEMMA, it took ~4 seconds for the eigen-decomposition, which only has to be done once per dataset then can then be reused for multiple analyses.
When using a random regression model, the computing time for MTG2 was a few seconds, which did not change with increasing the order of the fit in the model (Table   1 ). However, the computational efficiency of ASReml or WOMBAT was lower and computing time increased substantially with increasing the order of the fit (Table 1) .
GEMMA does not have a function for random regression models. The estimated results from the random regression model are described and shown in Supplementary data (Table S2 and Figure S1 ).
When using the ARIC cohort human data (psh000280.v3.p1), the pattern of the computing time was similar to that for the heterogeneous mice in that MTG2 and GEMMA performed similar although MTG2 became relatively faster with increasing number of traits (Table S4 ). ASReml and WOMBAT were too slow to run for this data set. Table S6 shows estimated SNP-heritability and genetic correlations between obesity and blood pressure traits.
Discussion
There are two limitations to MTG2 as well as GEMMA. The eigen-decomposition technique cannot be used with more than one GRM as also noted in Zhou and Stephens (2014) unless a special condition is satisfied, i.e. one full-rank GRM and multiple low-rank GRMs are given (Speed and Balding, 2014) . In models with multiple GRMs, GEMMA cannot be used and MTG2 becomes slow although it is still considerably faster than ASReml and WOMBAT (Table S5 ). Secondly, the eigendecomposition technique requires a balanced design (i.e. no missing phenotypes across traits). Phenotypic imputation can be used for phenotypic missing values. We used imputed missing phenotypes for the mice data (<10% missing for each trait)
although MTG2 without the eigen-decompostion could still be used for the data including missing values. We observed that the results from the data with and without imputing missing phenotypes were not much different (Table S2 and figure S2 ). For the human data, missing phenotypes were less than 1%, therefore the results with and without imputing missing phenotypes were almost identical (result not shown).
Finally MTG2 and WOMBAT can facilitate a parallel computation that increases the efficiency further.
Implication
There are three novel aspects in this application note. The first and most important is to estimate parameters for the random regression models with the direct AI algorithm.
The second is the use of the decomposition in the AI algorithm in a multivariate model. The third is to use of the decomposition in the AI algorithm in the random regression models. MTG2 can be used for a wider range of statistical models than GEMMA, including multivariate linear mixed models, random regression models and multiple random effects models. GEMMA can only be used for a single random effect model in multivariate linear mixed models (Table S7 ). For random regression models or/and multiple random effects models, the computational efficiency for MTG2 (even without the eigen-decomposition) is considerably higher than that of ASReml and WOMBAT ( 
where y i is a vector of trait phenotypes, b i is a vector of fixed effects, g i is a vector of additive genetic value for individuals and e i are residuals for trait i (i = 1, …, t). The random effects (g i and e i ) are assumed to be normally distributed with mean zero. X and Z are incidence matrices. The variance covariance matrix of all observations can be written as,
where A is the genomic relationship or similarity matrix based on SNP information, and I is an identity matrix. The terms, σ g i 2 and σ e i 2 denote the genetic and residual variance of trait i, respectively and σ g ij and σ e ij the genetic and residual covariance between traits i and j (i=1,…,t, and j=1,…,t).
The log likelihood of the multivariate model is
where ln is the natural log, and | | the determinant of the associated matrices. The projection matrix is defined as
The Newton-Raphson algorithm obtains the residual maximum likelihood (REML) estimates using the following equation .
where Θ is a column vector of estimated variance components, k is the iteration round, Θ ∂ ∂L is a column vector of the first derivatives of the log likelihood function with respect to each variance component, and H is the Hessian matrix which consists of the second derivatives of the log likelihood function with respect to the variance components. In Fisher's scoring method, the inverse of the Hessian matrix in (A4) is replaced by its expected value as
The derivation of the Hessian matrix and the Fisher information matrix has been described in several studies . The
Hessian matrix for the multivariate model is
where y, P and V are defined as above. The Fisher information (F) matrix is and used the average of the H and F that was estimated based on Henderson's mixed model equation (MME) . introduced the direct average information algorithm where the average information matrix was derived directly from the V matrix. When using a dense genetic covariance structure, this direct average information algorithm is much more efficient than the MME-based average information algorithm. The equation for the iterative AI algorithm is
where AI is the average information matrix and that for multivariate model can be written as
The first derivative for each variance covariance component i can be obtained as ) have proposed an efficient algorithm to obtain the REML estimates using an eigen-decomposition of the genetic covariance matrix. This technique has been used in a number of seminal papers in the context of GWAS From , the relationship matrix can be decomposed as A=UDU' where I=UU'. With a linear transform by multiplying the left and right hand side of the multivariate linear mixed model (A1) with U, the model can be rewritten
Increasing computational efficiency
U e i given that the data are a balanced design (i.e. no missing phenotypes). The variance covariance matrix (A2) of the transformed data can be now rewritten as
It is also noted that X and y can be transformed and written as
, and y * =
The AI algorithm (A8) needs to evaluate three parts; i) the log likelihood (A3), ii) the AI matrix (A9) and iii) the first derivatives (A10). For the evaluation for the log likelihood the inverse V is required (A3). Because V * (A11) is a matrix with t 2 diagonal blocks, the computational complexity for obtaining the inverse and determinant of V * is only O(nt 3 ) where t is the number of traits and n is the sample size. The product matrix (X * 'V *-1 X * ) -1 and |X * 'V *-1 X * | require O (nc 2 t+c 3 t 3 ) where c is the number of fixed effects for each trait. Following , The product of P * and y * can be efficiently obtained as
which requires only O(nt 2 ) because also V *-1 has a simple structure with diagonal blocks. Further, y * P * y * requires additional O(nt).
The second part of the AI algorithm comprises derivation of the AI matrix which consists of two terms; ∂V * ∂σ i 2 P * y * and P * ∂V * ∂σ j 2 P * y * . Because the partial derivative, ∂V * ∂σ i 2 is a partial diagonal matrix with I n×n (for e i ) or D (for g i ) for the ith corresponding component in the AI matrix, the first term, ∂V * ∂σ i 2 P * y * can be easily obtained with O(n) (note that P * y * is already obtained as above (A12)). Replacing y * with ∂V * ∂σ i 2 P * y * in (A12), the second term can be efficiently obtained as
( ( where b° is the generalised least square estimate with ∂V * ∂σ i 2 P * y * as the response variable (the computational complexity is O(nct 2 )). Given P * ∂V * ∂σ i 2 P * y * is known, the term, y * 'P * ∂V * ∂σ i 2 P * y * in the first derivative (A10), can be easily obtained with O(n). The trace term in the first derivative involves only the diagonal part of the P * and ∂V * ∂σ i 2 , therefore can be efficiently obtained with O(n). The computational complexity our direct AI algorithm would be ~ O(nt 3 + nct 6 ) within each iteration.
Random regression linear mixed model
A specific case of a multivariate model arises if the observations with the associated effects can be described as a function of a trajectory, e.g. as a function of time or age.
In a random regression model, the model parameters can then be regressed on the trajectory variable, e.g. the genetic covariance structure underlying the data can be modelled as a function of age. If the trajectory variable is an environmental indicator, the random regression model provides a framework to model reaction norms where the genetic effects are modelled as a function of the environmental gradient. This is an elegant form of modelling genotype by environment interaction, or environmental sensitivity of genetic effects. Following and , a linear mixed model to incorporate observations at p different points in time or in p different environments can be written as
If the environments can be ranked according to a continuous variable on which effects of genes can be regressed, e.g. with an environmental gradient (reaction norm), this can be effectively modelled with random regression coefficients. A random regression model attempts to fit effects as a function of continuous variables, e.g. by using
Legendre polynomials , as
where a is a n by k matrix of genetic random regression coefficients, Φ i is the ith row in a p by k matrix of Legendre polynomials evaluated for p points on the trajectory, and k is the order of Legendre polynomials. This random regression model reduces a t-dimensional multivariate problem to a k-dimensional problem. The variance and covariance matrix of random regression coefficients is
where α im or α il is the mth or lth genetic random regression coefficient for the ith individual (i = 1 -n). The genetic variance and covariance matrix of individual genetic effects across the different environmental conditions is a function of random regression coefficients and Legendre polynomials, and can be written as
Here we propose the direct average information algorithm for the random regression model, which is suitable for dense genetic covariance structure. The log likelihood of the random regression model is the same as (A3) as .
[ ]
We are interested in obtaining the REML estimate for the elements in the matrices K 1 , K 2 and R. We use an average information algorithm that requires the first and second derivatives of the likelihood function with respect to each variance component in K 1 , K 2 and R. The first derivatives and AI matrix can be written as
and
An implementation of the eigen-decomposition technique in the log likelihood, the first derivatives (A16) and the AI matrix (A17) for the random regression is analogues to that in the multivariate linear mixed model, i.e.
ZAZ' in the matrix V can be replaced by D, thereby substantially reducing the computational complexity as shown in the previous section. As with the multivariate linear mixed model, the eigen-decomposition technique cannot be used for multiple genomic relationship matrices unless the additional relationship matrix is an identity matrix, which is to fit permanent environmental effects across different environments as in the model above.
In the average information algorithm for the random regression model based on the mixed model equations , the log likelihood is written as ) where n is the number of records, n A is the number of individuals and C is the coefficient matrix in the mixed model equation (MME) . It is noted that the classical AI algorithm based on equation (A18) is substantially different from what we propose here with different working variables.
Convergence
With illegal or bad starting values, the REML process can have numerical problems.
ASReml , WOMBAT and GEMMA Table S7 , S8 and S9). The number of iterations needed to find a converged REML estimate is typically less than ten when using a moderating update strategy (Table S8 and S9). The moderating update strategy is also implemented in ASReml, but only in the first iteration round.
Comparison of computational efficiency
We quantified the computational efficiency by comparing approximated computational complexity (Table S7 ). The computing time needed to find REML estimates was much lower for MTG2 and GEMMA than for ASReml and WOMBAT.
MTG2 can be used for a wider range of statistical models than GEMMA, including multivariate linear mixed models, random regression models and multiple random effects models. GEMMA can only be used for a single random effect model in multivariate linear mixed models (Table S7 ). For random regression models or/and multiple random effects models, the computational efficiency for MTG2 (even without the eigen-decomposition) is considerably higher than that of ASReml and WOMBAT (Table S5 and S7). The moderating updating strategy further increases the relative computational efficiency of MTG2, resulting in a better performance of MTG2 compared with other methods. The advantage of MTG2 was larger when the number of traits increased (Table 1 and Table S4 ). We have checked the convergence behaviour for MTG2 with poor or good starting values, compared to that for ASReml, standard REML software using ten replicates of simulated phenotype data (Table S8 and S9). It is shown that the maximum log likelihood was perfectly agreed between MTG2 and ASReml and the process was converged well within a few iterations for both software whether using a multivariate (Table S8 ) or a random regression linear mixed model (Table S9 ). With good starting values, the number of iterations required for convergence reduced considerably for MTG2. Figure S1 . Genetic covariance pattern of glucose levels across time series after glucose injection from the random regression (see Supplementary Note). The order of Legendre polynomial is 3 for both genetic and residual variance components (see Table S3 ). Figure S2 . The same analysis as in Figure S1 except that the analysis was done without imputing missing phenotypes. This is to show the results from data with and without imputing missing phenotypic values are not much different. Tables   Table S1 . Estimated SNP-heritability (h 2 ) and genetic correlation (r g ) between glucose level for each time after glucose injection and BMI when using the heterogeneous stock mice. Estimates were essentially the same for the different REML estimation methods. The estimated SNP-heritability was moderate for the glucose level traits and BMI, ranging from 0.15 to 0.24. Among the glucose level straits, the genetic correlation between glucose 15 and 30 was the highest (0.95) while that between glucose 0 and 75 was the lowest (0.23). The genetic correlation between glucose levels within 30 minutes from the injection and BMI was negative, which was unexpected. However, the genetic correlation between glucose 75 and BMI was slight positive. More measurements after 75 minutes might be needed to find out the pattern. Further investigation is beyond the scope of this paper and warranted in a separate study. The estimates from the phenotypic data without imputing missing values (<10% for each trait) were very similar to those from the phenotypic data with imputing missing values (Table S1) . It shows that the best model was with the order of 3 and 3 for genetic and residual variance component. We used BIC that is robust to type I errors although one can use AIC, likelihood ratio test or other variants of information criteria under their own justification. Figure S1 shows genetic covariance pattern of glucose levels across different time after intraperitoneal glucose injection, which was from the best model according to BIC. ASReml and WOMBAT were not used in this comparison. GEMMA was sightly faster than MTG2 when using a single trait model. With increasing number of traits, the computational efficiency for MTG2 was more increased than that for GEMMA.
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This would be expected given their computational complexity (Table S7 ). MTG2 and GEMMA took ~10 minutes for the eigen-decomposition, which only has to be done once per dataset then can then be reused for multiple analyses. GEMMA was not included in these analyses because it cannot fit multiple random effects. MTG2 turns off the eigen-decomposition function and its performance was slowed down from the computing time of 1 second to 6 minutes for the three-trait linear mixed model, and from 2 seconds to 27 minutes for the random regression model with the order of 2 for both genetic residual variance components. In any case, the computational efficiency for MTG2 was the highest among the methods (Table   S5 ). With increasing number of random effects (i.e. genetic covariance matrices), the relative computational efficiency for MTG2 was increased, compared to ASReml and WOMBAT. This would be expected because MTG2 was based on the direct AI algorithm using the variance covariance matrix of phenotypic observation and the size of this matrix is not affected by increasing number of random effects (see A (2)).
However, MME-based AI algorithms (e.g. ASReml and WOMBAT) will slow down because the dimension of the MME increases with increasing number of random effects. . The obesity traits (BMI, TS, WG, HG and WHR) and blood pressure traits (SP, DP and HP) were moderately heritable, with the estimated SNP-heritability ranging from 0.14 to 0.20. Among the obesity traits, there were positive genetic correlations (0.33 -0.88). For the blood pressure traits, there were also strong positive genetic correlations (0.77 -0.97). Between the obesity and blood pressure traits, all of the estimated genetic correlations were positive except one between WHR and DP (-0.02). The genetic correlation between TS and DP was the highest (0.44), followed by that between WHR and HP (0.42).
n is the number of individuals, t is the number of traits, c is the number of fixed effects, r 1 is the number of iterations for the moderating update, r 2 is the number of iteration for Newton type algorithm, r 3 is the number of iterations for EM-type algorithm, p is the number of environments, and m is the number of genetic covariance matrices (i.e. GRM). Ten replicates of phenotypic data were used to assess the performance. Simulation was based on multivariate normal variables reflecting the variance and covariance structure estimated in the random regression model for the glucose traits ( Figure S1 ). a Arbitary values were assigned, e.g. genetic and residual variances were assigned as half of the total phenotypic variance and covariances was assigned as zero. b True simulated parameters were used. c ASReml hardly used EM algorithm unless there were numerical problems. d r 1 is the number of iterations for the moderating update (see Table S7 ). e r 2 is the number of iteration for Newton type algorithm (see Table   S7 ). 
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